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Abstract We prove a version of the Wong-Zakai theorem for the dynamical 4>3 model driven 
by space-time white noise on T^. For the 4>| model it is proved in [Hail4] that a renormalisation 
has to be performed in order to dehne the nonlinear term. Compared to the results in [Hail4] 
we consider piecewise linear approximation to space-time white noise and the renormalisation 
corresponds to adding the solution multiplied by a function depending on t to the equation. 
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1 Introduction 

In this paper we consider a Wong-Zakai approximation (c.f. [WZ65a,WZ65b]) in the case of 
the dynamical 4>3 model driven by space-time white noise on T^: 

d^ = AMt-^^dt + dW{t). (1.1) 

Here IF is a cylindrical Wiener process. This model is an important model in the stochastic 
quantisation of Euclidean quantum held theory ( see [GJ87] and the reference therein). It is 
considered as a universal model for phase coexistence near the critical point [GLP99]. In two 
spatial dimensions, this problem was previously treated in [AR91] and [DD03]. In three spatial 
dimensions this equation (1.1) is ill-posed and the main difficulty in this case is that W and 
hence 4> are so singular that the non-linear term is not well-dehned in the classical sense. It 
was a long-standing open problem to give a meaning to this equation in three dimensional case. 

A breakthrough result was achieved recently by Martin Hairer in [Hail4], where he intro¬ 
duced a theory of regularity structures and gave a meaning to this equation (1.1) successfully. 
Also by using the paracontrolled distribution proposed by Gubinelli, Imkeller and Perkowski 
in [GIP13] existence and uniqueness of local solutions to (1.1) has been obtained in [GG13]. 
Recently, these two approaches have been successful in giving a meaning to a lot of ill-posed 
stochastic PDEs like the Kardar-Parisi-Zhang (KPZ) equation ([KPZ86], [BG97], [Hail3]), the 
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dynamical $3 model ([Hail4], [CC13]), the Navier-Stokes equation driven by space-time white 
noise ([ZZ14a], [ZZ14b]) and so on (see [HP14] for more interesting examples). From a philo¬ 
sophical perspective, the theory of regularity structures and the paracontrolled distribution 
are inspired by the theory of controlled rough paths [Lyo98], [Gub04]. The main difference 
is that the regularity structure theory considers the problem locally, while the paracontrolled 
distribution method is a global approach using Fourier analysis. 

An interesting question to the SDE especially the dynamical $3 model is as follows: Given 
a sequence H4 of regularization of the noise W (for example convolution with a mollifier), can 
we obtain a non-trivial solution associated with W by taking the limit of $£ as e goes to 0, 
where $£ is the solution associated to W^. In hnite dimensional case a series of classical results 
has been obtained by Wong and Zakai [WZ65a,WZ65b]. However, the answer to this question 
for the dynamical model is no (see [HRW12]). Indeed, we have to consider the following 
modihed equation 

= + ( 1 - 2 ) 

In [Hail4] Martin Hairer considered an ^-approximation to space-time white noise. Here is 
given by convolution with a molliher: /^(pe(t — s,x — ■), dW(s)}, where x G T^, (•, •) denotes 
the scalar product in L^(T^) and W is the cylindrical Wiener process and p^lt, x) is a compactly 
supported smooth molliher that is scaled by e in the spatial directions and by in the time 
direction, i.e. p^it^x) = e~^p{e~H,e~^x) for some smooth, compactly supported function p. 
Denote by <Fe the solution to (1.2). It is proved in [Hail4] that there exist choices of constants 
Ce diverging as e ^ 0, as well as a process $ such that —)■ 4) in probability. Furthermore, 
while the constants do depend crucially on the choice of mollihers the limits $ do not 
depend on them. Also in [GG13] purely spatial regularization has been considered and a similar 
result has been obtained. 

In this paper we consider another approximation given by piecewise linear approximation 
combined with convolution with a molliher. First we also do convolution with a molliher: 
We{t) = ^s{s)ds,t G M, for given as above and consider piecewise linear approximation: 
for t G [fc'd, {k -I- l)'d), k E Z, id > 0 

-f _ 

= w,{k^) + -^{W,{{k + m - w,{k^)), 

and ^ ^s(u)du for t G [k-d, {k + I)"*?), k E Z, which is our regularised 

noise. 

This approximation is the celebrated Wong-Zakai approximation of the solution and is re¬ 
lated to a classical problem: approximating solutions in terms of a simpler model, where the 
stochastic integral is changed into a deterministic one, replacing the noise by its piecewise linear 
interpolation on a time grid. For hnite-dimensional dihusion processes, this kind of approxima¬ 
tion is well-known (see, e.g. [T96], [LQZ02] and the references therein). There is a substantial 
number of publications devoted to Wong-Zakai approximations of inhnite dimensional stochas¬ 
tic equations (see [N04] and [GMll] and the references therein). 

In this paper we use the theory of regularity structures to study this approximation to the 
dynamical model. The key idea of the theory of regularity structures is as follows: we perform 
an abstract Talyor expansion on both sides of the equation. Originally Talyor expansions are 
only for functions. Here the right objects, e.g. regularity structure that could possibly take 
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the place of Taylor polynomials, can be constrncted. Given a noise the regnlarity strnctnre 
can be endowed with a model which is a concrete way of associating every element in the 
abstract regnlarity strnctnre to the actnal Taylor polynomial at every point. Mnltiplication, 
differentiation, the state space of solntions, and the convolntion with singnlar kernels can be 
defined on this regnlarity strnctnre, which is the major difficulty when trying to give a meaning 
to such singular stochastic partial differential equations as above. On the regularity structure, 
a fixed point argument can be applied to obtain local existence and uniqueness of the solutions 
$ to the equation lifted onto the regularity structure. Furthermore, we can go back to the real 
world with the help of another central tool of the theory, namely the reconstruction operator 
TZ. If ^ is a smooth process, $ = 71^ coincides with the classic solution of the equation. Now 
we have the following maps 

^ 1-^ 1-^ i> H- Tl^. 

The last two maps are continuous with respect to suitable topologies, while the above sequence 
of canonical models fails to converge with a smooth approximation to the noise It may, 
however, still be possible to renormalize the model L^e into some converging model which 
in turn can be related to a specihc renormalised equation (1.2). 

In this paper for the approximating sequence we build the associated model which 
fails to converge. We also renormalize the model into some converging model which 

in turn can be related to the following renormalised equation (1.3): 

= A$,,^(f) + - ^lAt) + ^,At)- (1-3) 

Here are functions depending only on time t. 

With these notations at hand, the main result of this article is as follows: 

Theorem 1.1 Let dehned as above. Denote by the solution to (1.3). Suppose that 
p(t,x) = pi{t)p 2 {x) for smooth functions pi, p 2 and that < Oil'd. Then there exist choices of 
functions diverging as e, 'd —)■ 0 such that —)■ $ in probability locally in time. Here 

<h is the solution to the dynamical <h| model obtained in [Hail4]. 

Remark 1.2 (i) The aim of this paper is to study the effect of piecewise linear approximation 

to the noise. If e = 0 it corresponds to piecewise linear approximation. However, in this case, 
we can not obtain the classical solution directly because of the spatial singularity of the noise. 
Hence we do convolution with a mollifier hrst. Here the condition < C'o'd is not strict, and 
it means that e could goes to zero first. If we consider the case that ■d —?■ 0 for hxed e, it 
corresponds to the smooth noise case and we could conclude the results easily. 

(ii) We could also first do purely spatial regularization corresponding to p(t,x) = 6 (t)p 2 {x) 
and then do piecewise linear approximation. In this case the results in Theorem 1.1 still holds 
(see Remark 3.8). In fact, the only difference is the proof of Theorem 3.7. 

In our case it is required in (1.3) to minus multiplied by a function depending on 

t such that the associated solutions converge to the solution to the model as £, d —?■ 0. 
We introduce the symbol C to represent (t) in the regularity structure and define a bigger 
regularity structure to include C and the original regularity structure Tf constructed in 
[Hail4] associated with the model, which helps us to construct a suitable renormalised 
model corresponding to (1.3) for (see Remark 3.4). 
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We would also like to emphasize that the proof in this paper are not restricted to the specihc 
equation (1.1). A similar argument would yield similar results for all the models that can be 
treated with the methods developed in [Hail4]. 

In Section 2 we present a summary of some notions of the theory of regularity structures. 
In Section 3 we construct the renormalised model and prove the main results. The convergence 
of the renormalised model is proved in Section 4. 


2 Regularity structures 

In this section we recall some preliminaries for the theory of regularity structures from [Hail4]. 

Definition 2.1 A regularity structure T = {A,T,G) consists of the following elements: 

(i) An index set A C M such that 0 G A, A is bounded from below and locally hnite. 

(ii) A model space T, which is a graded vector space T = (BaeATa, with each Tq, a Banach 
space. Furthermore, Tq is one-dimensional and has a basis vector 1. Given r G T we write 
IItIIq for the norm of its component in T^. 

(iii) A structure group G of (continuous) linear operators acting on T such that for every 
r G G, every a G A and every Ta G Ta one has 

Fto — To G T<q := Tp. 

0<a 


Furthermore, FI = 1 for every F G G. 

The canonical example is the space T = Tn of abstract polynomials in hnitely many 

indeterminates, with A = N and denoting the space of monomials that are homogeneous of 
degree n. In this case, a natural group of transformations G acting on T is given by the group 
of translations. 

Given a scaling s = (so,Si, ...,Srf) of We call |s| = Sq -l-Si -|- ... -1-5^ scaling dimension. 

We dehne the associate metric on by 

d 

\\z - Alls := ds(z. A) := ^ \zi - z\\^l^\ 

i=0 

For k = {ko ,..., kd) we dehne |fc|s = Yfi=o^iki- 

2.1 Specific regularity structures 

We consider the regularity structure T given by all polynomials in d -|- 1 indeterminates, let us 
call them Xo,...,Xd, which denote the time and space directions respectively. Denote X’^ = 
Xq° ■ ■■X^‘^ with k a multi-index. For the case of the dynamical $3 model, d = 3, s = (2,1,1,1). 

In the regularity structure we use the symbol S to replace the driving noise A We introduce 
the integration map X associated with the operation of convolution with the heat kernel G and 
the integration map X^ for a multi-index k, which represents integration against D^G. 

We recall the following notations from [Hail4]: dehning a set X by postulating that {1, S, Xj} C 
X and whenever r, f G X”, we have rr G X and Xfc(r) G X; dehning X+ as the set of all elements 
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T ^ T such that either r = 1 or |r|s > 0 and such that, whenever r can be written as r = t\T 2 
we have either r* = 1 or |rj|s > 0; 'H,'H+ denote the sets of hnite linear combinations of all 
elements in respectively. Here for each t & a. weight |r|s which is obtained by setting 

| 1 |. = 0 , 

\rf\s = \r\s + ItIb, 

for any two formal expressions r and f in such that 

1 ‘^Ib Cl, Si, |Xfc(T)|j I’cjs “ 1 “ 2 |^|b) 

with -y < a < -|. 

As in [Hail4] we construct the regularity structure, which contains those that are actually 
useful for the abstract reformulation of the equation (1.1). Dehne 

= {S,U^:n< 3}, 

and the sets Wo = Wo = 0 and Wn,W„ for u > 0 recursively by 

W. = W„_iU IJ Q(W„_i,S), 

Qe®tF 

W„ = {X'=}U{X(r):rGWj, 

and 

J^f:= lJ(>VnUW„). 

n>0 

Then Tp contains the elements required to describe both the solutions and the terms in the 
equation. We denote by "Hi? the set of hnite linear combinations of elements in J^p. 

Now we follow [Hail4] to construct the structure group Gp. Dehne a linear projection 
operator P+ ■. V, ^ T-ip by imposing that 


PpT = T, r G Pp, PpT = 0, T e P \ Pp, 
and two linear maps ^ -.l-L ^ 1-L® Tip and A'*' ; Tip —)■ Tip (g) Tip by 

Al = 1(8)1, A+1 = 1®1, 


and recursively by 


AW = W (8 1 + 1 ® W, A+W = W <8) 1 + 1« W, 
AS = 5(8) 1, 

A(Tf) = (Ar)(Af) 

A(Xfcr) = {Ik (8) I)At + ® — r{P+^k+i+mr), 

l\ ml 


l^m 


A’'“(Tr) = (A’'‘r)(A’'“r) 
A+(Xfcr) = (J(8)X,r) + Y,{PpIk^. ^ 


k+i ^ ^yr^)Ar. 
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By using the theory of regularity structures (see [Hail4, Section 8 ]) a structure group of 
linear operators acting on "Hi? satisfying Definition 2.1 can be dehned as follows: For group-like 
elements g G the dual of 'H+, F^ : "H — 'H^TgT = (/ (8) g)^T. By [Hail4, Theorem 8.24] 
we construct the following regularity structure. 

Let T = Tip with = ({r G J^p : |r|s = 7 }), A = {|r|s : r G J^p}. Then ‘Ip = (A, T-Lp, Gp) 
defines a regularity structure associated with the dynamical $3 model. 


2.2 Models 


Now that we have fixed our algebraic regularity structure Ip = {A,l-ip,Gp), we introduce a 
family of objects which is a concrete way of associating every t E T-Lp and Xq G with 

the actual ’’Taylor polynomial based at xq” represented by r in order to allow us to describe 
solutions to ( 1 . 1 ) locally. 

First we introduce some notations: Given a smooth compactly supported test function (p 
and a space-time coordinate z = (f,Xi, ...,Xrf) G we denote by the test function 


‘pl(s,yi,-,yd) 


A-'7( 


S — t 


yi - Vd- Xd. 


Denote by Ba the set of smooth test functions ip : 1 —)■ R that are supported in the 

centred ball of radius 1 and such that their derivatives of order up to 1 -|- |q:| are uniformly 
bounded by 1. We denote by S' the space of all distributions on R‘’*+^ and denote by L{E, F) 
the set of all continuous linear maps between the topological vector spaces E and F. With 
these notations at hand we give the dehnition of a model: 


Definition 2.2 Given a regularity structure I = {A, T,G), a model for I consists of maps 
R'^+^ 3 L{T, S'), R'^+^ X R'^+^ 9 {z, z') ^ T,,, G G, 


satisfying the algebraic compatibility conditions 


A-Z^zz' fix') ^zz' ® ^z'z" F22'/, 


as well as the analytical bounds 


|n.r(^^)| < A“||r||„, ||r„.T||^ < ||s - /nr"! 


T 


Here, the bounds are imposed uniformly over all r G Tq, all /I < a G H with a < 7 , 7 > 0, and 
all test functions (p E Br with r = inf A. They are imposed locally uniformly in and z'. 

Then for every compact set C and any two models Z = (H, F) and Z = (H, F) we 

define 


|||Z;Z|||.^.(H := sup[ sup A "|(n^r - n^r)((p^)|-A sup sup ||z - “||F^^/r - F^^/rH/j], 

zeTt ip,X,a,T Ip—z'llsXl 

where the suprema are taken over the same sets as in Dehnition 2.2, but with ||r||Q, = 1. This 
gives a natural topology for the space of all models for a given regularity structure. 
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To describe the models for the regularity Ti? we are interested in, we hx a kernel K : —)■ 

M with the following properties: 

(i) K = X]n>o where each —)■ M is smooth and compactly supported in a ball 

of radius around the origin. Furthermore, we assume that for every multi-index fc, one has 
a constant C such that 

sup\D^Kn{x)\ < C'2^('^-i+Fld^ 

X 

holds uniformly in n. Finally, we assume that J Kn{x)P{x)dx = 0 for every polynomial P of 
degree at most r for some sufficiently large value of r. 

(ii) K{t,x) = 0 for f < 0 and K (t, —x) = K{t,x). 

| a ;|2 

(hi) For {t,x) with \x\^ + t < 1/2 and t > 0 K{t,x) = and K is smooth on 

{|xp + t> 1/4}. 

The kernel K satisfying these properties can be obtained from the heat kernel G as in 
[Hail4, Lemma 5.5]. 

Definition 2.3 A model (If, F) for is admissible if it satishes = {y — x)^ as 

well as 

(n,lT)(!/) = IK{y - z){'a,T)(z)dz + (2.1) 

for r G Pf with X(r) G Pp- Here f^iPir) are dehned by 

Uhr) = - j D[K{x - z){U,T){z)dz. (2.2) 

Furthermore, we impose fxi^i) = —Xi, fx{xf) = fx{x)fx{f) and extend this to all of P^ by 
linearity. F is given by 

^xy = (r/a:) °r/y, (2-3) 

where F:= (/ (g) fx)^T for r G Pf- 

Let ^ be periodic space-time white noise and p : —)■ M.,p(t,x) = pi(t)p 2 {x) be a smooth 

compactly supported function integrating to 1, set ps{t,x) = e~^p{-p, |). Given the following 
approximation to there is a canonical way of lifting it to an admissible model 
as follows. We set for k E Z, 

^e = Pe*^, = - / ^e{u,x)du, t E {kp, {k + l)^]. 

Jm 

(n>’-^>E)(z) = (,y(z), (np’>x'‘)(z) = (z - x)‘, 

and recursively dehne 
and 

(n('-'»lT)(^) = J K{z- zMIl‘-’-*'T){z,)dz, + ^ (2.4) 
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Here fx’^\^iT) are defined by 

/i»''’'(Z,T) = -J D[K(x - (2,5) 

Furthermore we impose fx’^\Xi) = —Xi, fx’^\rf) = fx’^\T)fx^’^\f) and extend this to all 
of by linearity. Then dehne 

r<'/> = r o (r (2.6) 

^ J X J y 

where T je,^)T := (J (g) /i^’’^^)Ar for r G Hf- 

Jx 

Then by [Hail4, Proposition 8.27] it is easy to check that ph’’^)) is an admissible 

model for the regularity structure ‘Xp constructed in Section 2.1. 

Now we give the following dehnition for the spaces of distributions C", a < 0, which is an 
extension of the dehnition of Holder space to include a < 0. 

Definition 2.4 Let rj E S' and a < 0. We say that 77 G C" if the bound 

holds uniformly over all A G (0,1], all (p E Bq and locally uniformly over 2 ; G 

For every compact set 91 C we will denote by ||77||a;(H fhe seminorm given by 

Ilhll«;« := sup sup sup A“"|r7(<^^)|. 

ZSlH (fGBa A<1 


We also write || • ||q, for the same expression with 91 = In the following we also use C“ to 

denote Cf on for the scaling s := (si, ...,3^). 

We also have the following dehnition of spaces of modelled distributions, which are the 
Holder spaces on the regularity structure. Set fp = {(t,x) : f = 0}. Given a subset 91 C 
we denote by 91sp the set 

91<p = {{z, 3 ) G (91 \ ■. z ^ z and \\z — 3||s < |t|^ A \t\^ A 1}, 


where 3 = (t,x),z = (t, x). 

Definition 2.5 Given a model (H, F) for the regularity structure %f and fp as above. Then 
for any 7 > 0 and 7 G M, the space consists of all functions / : \ fp —)■ Tq such 

that for every compact set 91 C one has 


■= sup sup 
zeKV*;! K-y 


urn 

PI ^0 


+ 


sup sup 
(2,2)g1H<p Ky 


|[/(j)-r.,/( 2 )||, 


\Z — 


nr\\t\A\t\) 


so 


< (X). 


Here we wrote ||r||/ for the norm of the component of r in T; and also used t and t as shorthands 
for the time components of the space-time points 3 and A. 




For / G and / G (denoting by the space built over another model (11, F)), 
we also set 


7 ,7?;9r := sup sup 

i<7 






*0 


AO 


+ sup sup 

(z,z)e9rq3 K'r 


\\f{z)-f(z)-T,-J(z)+fJ(z)\\i 


— 117—/ 


(|t|A|t|)^ 


which gives a natural distance between elements / G and / G 'D'’'’''. 

Given a regularity structure, we say that a subspace G C T is a sector of regularity a if it 
is invariant under the action of the structure group G and it can be written as G = 
with Vg C T^, and Vg = {0} for (3 < a. We will use V'^’^{V) to denote all functions in 
taking values in V. 

Under suitable regularity assumptions, we can reconstruct from a given modelled distri¬ 
bution /, a distribution TZf in the real world which ’’looks like Ilxf{x) near x”. This result, 
which defines the so-called reconstruction operator, is one of the most fundamental result in 
the theory of regularity structures. 

Theorem 2.6 (cf. [Hail4, Proposition 6.9]) Given a regularity structure and a model (fl, F). 
Let / G for some sector V of regularity a < 0, some 7 > 0, and some 7 < 7 . Then 

provided that a A rj > there exists a unique distribution TZf G such that 

holds uniformly over A G (0,1] and (p E Br with compactly supported away from ^ and 
locally uniformly over ^ G 

Moreover, (fl, F, /) -A TZf is jointly (locally) Lipschitz continuous with respect to the metric 
for (n,F) and / defined in Definitions 2.2 and 2.5. 


2.3 Abstract fixed point problem 

We reformulate (1.1) as a fixed point problem in for suitable 7 and rj. By Duhamel’s 
formula, ( 1 . 1 ) is equivalent for smooth ^ to the integral equation 

M = G * ((^ - M^)li>o) + Guq. 

Here, G denotes the heat kernel, * denotes space-time convolution, and Guq denotes the solution 
to the heat equation with initial condition uq- In order to interpret this equation as an identity 
in we need the following results from [Hail4, Proposition 6.16]. 

Theorem 2.7 Let = {A,'Hf,Gf) be the regularity structure constructed as above and 
(n, P) be an admissible model for %f- Let 7 > 0, 7 < 7 . Let X act on some sector V of regularity 
a < 0, Then provided that a Arj > —2, 7 + 2, 7 + 2 not in N, there exists a continuous linear 
operator JC^ : -A pU.P 7 ' = 7 -|- 2 and rj' = {rj A a) + 2, such that 

nic^f = K*TZf, 


holds for / G X>^’7U). 
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In the following we will only consider (1.1) with periodic boundary conditions. By the 
theory of regularity structures proposed in [Hail4] we can dehne translation maps and use it 
to dehne the periodic modelled distribution. Here the fundamental domain of the translation 
maps is compact. We use the notations Ot = (—oo,T] x and use ||| • ||| 7 ,r;;T as a short hand 
for III • ||| 7 ,r;;OT- Moreover, we have for some 9 > 0 

|||/C7WI||7W;t<t^|||/|IU;t. 

Now we reformulate the hxed point map as 

V ={IC^ + R^Tl){ltyo'^), ^2 y') 

U = — (^7 + R-yR) + n + Quq. 


Here for smooth function R = G — K, 

vk r 

R, : C; ^ (R,f)(z) = ^ — / D';R(z - z)f{z)dz, 

|fc|s<7 

5u„ = ^D\Gu„){z), 

|fc|s<7 

where 7,7 will be chosen below and we dehne 7?.(lt>oS) as the distribution .^lt>o. 

We consider the second equation in (2.7): Dehne 

1/ := x{Rf) e f. 

Now for 7 > |2a + 4 |,7 < a + 2 and Uq G C’'(M^), periodic, [Hail4, Lemma 7.5] implies that 
Quq e 

We dehne for any (3 < 0 and compact set fH the norm 

|'Cl/3;« = sup ||^lt>s||/3;<H, 

and we denote by Cf the intersections of the completions of smooth functions under | • |^;<h 
for all compact sets 91. By [Hail4, Proposition 9.5] we know that for every a G (— 3,— |), 
space-time white noise ^ G C° almost surely and K E C(M,C"’''^(M^)) almost surely. With 
these notations at hand, we recall the following results from [Hail4]. 

Proposition 2.8 ( [Hail4, Proposition 9.8]) Let be the regularity structure associated to 

(<h"^) with a G (—y, —|). Let 7 G (—|, 0 - 1 - 2 ), 7 > |2q;-|-4|, 7 = 7-|-2q;-|-4 and let Z = (H, P) be 
an admissible model for with the additional properties that ^ := 77S belongs to and that 
K * ^ E C{M.,C^). Then there exists a maximal solution S^{uo, Z) E to the equation 

(2.7), 

Furthermore, let T^{uo, Z) E M’''U{-|-oo} be the hrst time such that ||(77 iS'^(mo, Z))(t, )||^ > 
L and set O = [—1, 2] xM'^. Then, for every £ > 0 and C > 0 there exists 5 > 0 such that, setting 
T = 1 A T^{uo, Z) A T^{uo, Z), one has the bound 11 |iS'^(mo, ^) — 'S^{uo, Z)\\\^^ri;T < for all 
Mo, ho, Z such that |||Z||| 7 ;o < C, |||Z||| 7;0 < C, ||mo||,, < L/2, ||ho ||,7 < L/2, ||mo - mqIIt, < S, 
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and 11 IZ; Z| I |^;o < <5, and satisfy the bonnds |^|a;o + |^|a ;0 < C*, snp^gjo,!] * 0 (^)‘)ll»? + 
suPte[o,i] IIOllr? < C, as well as 

|^-^|a ;0 < <5, snp ||(J'S:* 0 (^, •) - Oik < 

ie[o,i] 

Here we have set ^ = TZE, where TZ is the reconstrnction operator associated to Z. 

3 Renormalisation procedure and main result 

In this section we have constrncted a model associated with Z,e,& and in this section we will 
prove the convergence result required in Proposition 2.8, which at last implies Theorem 1.1. As 
we mentioned in the introduction, there is no hope to prove the sequence of models converges 
to a limit. We have to renormalize the model into some converging renormalised model. 

3.1 Renormalised model 

In this subsection we construct the renormalised model and prove that it is also an admissible 
model for the regularity structure associated with the dynamical model. In our case we 
will prove that K * ■ K * ~ converges to a non-trivial limit as e, "d goes to 0. Here 

is a function depending on t, which is a main difference from the case in [Hail4], where 
all the terms be subtracted in the renormalisations are constants. To construct an admissible 
renormalised model in our case, we introduce the symbols Ci, C 2 to replace 
and define a bigger regularity structure to include the original regularity structure ‘Ip and 
Cl, C 2 , where Ci, C 2 will be specified below. We build a model for and use it to construct 
the required renormalised model for %p. 

First we construct the regularity structure Th Dehne a set by postulating that {1, S, Xj, 
Cl, C 2 } C and whenever T,f ^ we have rf G and Xfc(r) G X^; defining X\ as the 
set of all elements r E X^ such that either r = 1 or |r|s > 0 and such that, whenever r can 
be written as r = rir 2 we have either r, = 1 or \ri\s > 0 ; denote the sets of hnite 

linear combinations of all elements in X^,X]_, respectively. Here for each t E X^ a. weight |r|5 
is obtained as above and by setting jCils = IC 2 I 5 = —5o with da + 10 < —Sq < 0. Recall 
DJlp = {5, : n < 3}. We define the sets for n > 0 recursively by 

= 0 , 

SemtF 

ZY^ = {XkCi,C 2 }U{J(r):rG>Vj, 

and 

n>0 

We denote by iXp the set of hnite linear combinations of elements in Xp and denote by 
Xp~^ the set of those basis vectors r G X\ that can be written as r = X^^HjX^.Tj for some 
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multiindices k and some elements r* G Tp. Denote the set of finite linear combinations of 
elements in Tp'^. 

Now we construct the structure group Gp. We also define the operators as A, A+ in Section 
2 . We still use A, A^ to denote them for the notation’s simplicity. A on 1 , Xi, S and A"*" on 
1, Xi can be dehned as in Section 2. Define 

ACi = Ci(g)l, AC2 = C2®1. 

Then A, A"*" on other terms can also be dehned recursively as in Section 2. 

By using the theory of regularity structures (see [Hail4, Section 8]) we can dehne a structure 
group G]p of linear operators acting on satisfying Dehnition 2.1 as follows: For group-like 
elements g G 'H+*, the dual of Fg : 'H}, F^r = (/ 0 g)^T. By [Hail4, Theorem 8.24] 

we construct the following regularity structure. 

Theorem 3.1 Let T = Up with = ({r G Xp : |r|s = 7 }), = {|r|s : r G Xp}. Then 

= {A^,'Hp,Gp) dehnes a regularity structure 

We emphasize that we do not replace the regularity structure associated with in our case. 
Here the introduction of is to prove that the renormalised model is an admissible model for 
%p. In the following we extend the model constructed in Section 2 to a model 

for which is used to construct the renormalised model. We still denote it by 
for simplicity. 

Given continuous functions G[^''^\t),G 2 ’^\t), for 2 ; = {t,y) dehne and as 

in Section 2 and dehne 

= G[^’^\t), (n(^'’^)C2)(^) = Gt^\t), 

and recursively dehne (. 2 ) = (ni^’’’V)(^)(ni^’’^V)(z), and use (2.4) to dehne ni'^’’^^X(r) 

with dehned by (2.5) and fi^’'^\Xi) = -Xi, fx’’^\Tf) = fx'^\T)fx’'^\f) and extend 

this to all of 14 }/^ by linearity. Then dehne still by (2.6). 

Proposition 3.2 (nF>’^)^ is a model for the regularity structure constructed in 

Theorem 3.1. 

Proof Since G[^’^\ are continuous functions, by a similar argument as in the proof of 

[Hail4, Proposition 8.27] the result follows. □ 

Dehne 

Xo := {1,S,T,T2,T^T^W,X(T3)T, J(T3)T^ 
X(T2)T2,X(T2),X(T)T,X(T)T^W}, 

X-*:={T,T2,T3}, 

where the index i corresponds to any of the three spatial directions. 

Then Xq C Xf contains every r G Xf with |r|s < 0 and for every r G Xo, Ar G PLo 0 X-o- 
Here Xq denotes the linear span of Xo and Xf denotes the linear span of the elements in Xp 
of the form X^ n • X/.r, for some multiindices k and p such that \Xi^Ti\s > 0 and r* G X”*. 
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We define a linear map M from "Ho to l-Op by 


- CiW, 

M{I{^^)^^) =(X(^2) - X(Ci))(^2 _ t 1 

M(X(d'3)^) =(X(^3) - 3X(Ci^))^, 

M(X(d^3)^2) =(X(^3) - 3X(Ci^))(^^ - Cl) - 3C2^, 

M(X(d^)^2) =x(^)(^2 _ 

as well as Mr = r for the remaining basis elements r G Xo- Define linear map : "Ho —> 
X •H]^+ by 

A^t = {Mt) ® 1, 

for those elements t E Xo which do not contain a factor X(\[^^),X(\b^). For the remaining 
elements, we dehne 

A^X(^2) ^ ^ 1 + X, (g) X(Ci). 

= (M(X(^2)^2)) (g) 1 + (^2 _ (g) Xi(Ci). 

A^X(^3)^ ^ ^ ^ 3^Xi ^ Xi(Ci^). 

A^X(^3)^2 _ (m(X(^ 3)^2^^ 3^^2 _ ^ x.(Ci^). 

Moreover, we dehne a linear map M : 'H()' —?■ , which is a multiplicative morphism and 

leaves X^ invariant, and 

MX(d^") = X(M^"), MX(^) = Xi(^). 

By this we have 

MXk = MiXk®I)A^, (3.2) 

{I®M){A®I)A^ = {M®M)A. (3.3) 

Here A4 : x —>■ XCp^ denotes the multiplication map. 

Dehne a linear multiplicative morphism: A^ : 'Hfj' —?• XL^p^ x •H^+by 

A^X^ =X^®1, 

A'^X(^") =X(M^") (g) 1 + 35„3(Xi (g)Xi(Ci^) - Xa^{Cl^>) ® 1) 

+ 5UX, ® X(Ci) - WX(Ci) ® 1). 

We can easily check that 

{AMA ® M)A+ = {I® M1)(A+ (g) J)A^. 

Here A is given in [Hail4, Section 8] for the regularity structure 
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Define for r G "Ho, D ^ 'Hq, 


nf(g) 


and define = {F^) ^ °F^ with F^ := (/ ® f^) A. Then by a similar argument as [Hail4, 
Theorem 8.44] we have the following result. 


Proposition 3.3 (11^, T^) is an admissible model for %p on "Ho- Furthermore, it extends 

uniquely to an admissible model for all of Ti?. 

Proof By the dehnition for fl^ and the expression for A^ we know that (n^r)(<yC^) can be 
written as a hnite linear combination of terms of the type with |r|s > |r|s and 

f G POp. Then by Proposition 3.2 the required scaling as a function of A follows. 

Dehne ^xy '■= (/xAl 0 /y)A+ and we have Vxy = {I ® 'yxy)A. Since (flF’D^ ph.’?)) jg ^ model 
for T^, this implies that for r G 'Hp~^ 

bxyTl < IIX - 2/||I^Ig 

Since T^ = (J(g) 7 ^)A with 7 ^ = {'^xy® fy)A^ and A^r = r( 8 )l + ^ r^( 8 )r^ with |r^|s > |r|s, 
it follows from the expression of A^ that for r G Pif 

\PxyA A lk-2/|li^'F 

Thus (n^,r^) is a model on PLq. By (3.2), (3.3) and similar arguments as in [Hail4, Section 
8 ] we know that it is also an admissible model on PLq. Finally applying [Hail4, Theorem 5.14, 
Proposition 3.31] (n^,F^) can be extended uniquely to all of Ap. 


Remark 3.4 (i) It is a little different from the case in [Hail4] to construct the renormalised 

model. In [Hail4] the renormalised map M is a linear map from PLq to PLq, which is enough 
for the construction of the renormalised model. In our case we have to subtract some functions 
Ci^C 2 to make the diverging terms converge in some sense. As we explained at the beginning 
of the section, we construct a new regularity structure including Ci, C 2 which represent 
functions Ci and C 21 respectively. The renormalised map M is a linear map from PLq to POp, 
which does not belong to the renormalisation group dehned in [Hail4, Dehnition 8.41]. However, 
we could still use it to dehne M,A^,A^ and construct the renormalised model on PLp. We 
emphasize that the renormalised model is associated with the old regularity structure Ap. 
Below we still use the old regularity structure Ap. is a tool to prove that the renormalised 
model is an admissible model for Ap. 

(ii) In fact, we can also dehne the renormalised model for the bigger regularity structure Af 
and apply directly the results in [Hail4, Section 4] to conclude that the renormalised model is 
an admissible model for which is also the required model when restricted on T^. For this 
argument we need to dehne the corresponding Fq for which is a little bit complicated. As 
a result, we use the above proof for simplicity. 


3.2 Renormalised solutions 

Denote by = A^(Mo,Ce,i?) the classical solution map to the equation 
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Here uq G C^(T^). The renormalised map S^{uo,^e,'&) is given by the classical solution map to 
the equation 

+ (3Cf“ “e,,? + 

By the same argument as the proof of [Hail4, Proposition 9.10] we obtain the following result: 

Proposition 3.5 Denote by the model given above, and by = 

renormalised model. Then for every symmetric Uq G one has the 

identities 

TZS^{uo, = ‘5m(mo, Ce,-!?)- 


3.3 Main results 

In this subsection we prove Theorem 1.1. We first prove the required convergence in Proposition 
2.8 for and K * Our argument essentially follows [Hail4, Proposition 9.5]. 

Proposition 3.6 Let ^ be white noise on M x T^, which we extend periodically to and 
define as in Subsection 2.2. Then for every compact set C and every 0 < 6* < —a — | 
we have 

+ (3.4) 

Finally for every 0 < K < —the bound 

E sup ||iF*es.^(f,-)-i^*e(t,-)IU+ 2 <£'" + ^", 

46 [0,1] 

holds uniformly over e, i? G (0,1]. 

Proof For any scaling s of and any n G Z, dehne 

3 

: kj G Z}, 

1=0 

where we denote by ej the jth element of the canonical basis of R^. We choose a wavelet basis 
= 2“i"'0^~'‘, (p(- — 1 /), n > 0, x G A” n IH, 1 / G A° n 94, -0 G T} as in [Hail4, Section 3.2] on 
R^. Writing T* = T n {<yc}, we note that for every p > 1, we have the bound 

E||K..„-?)ll£[0,,lll^'k 

pe'i'* n>o xGA^n^ 
pG'I'* n>0 xGAJn^ 
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Here we wrote 9^ for the 1-fattening of By a straight forward calculation we have 


“E|( ^ ^ ltg[o,s]'^x’ )l 

fc=-oo ^ dM 

^ p(k+l)'& 

~E|( ^ - ^e{t))du,lte[o,s]'i/Jx'^)\‘^ 

k=0 ^ dk-9 

+ E|(lte[[|]^,s]- / ie{u)du,lt^io^s\ijT)\ 

+ E|(e„ Be[[t]^,.]V'r)r +me - 

</ + // + III + IV, 


where 


1-1 




2 /•(fc+l)'!? /*(fc+l)'l? 


II :=- 





fc =0 

S 




'fc!? 


'fcl? 




III = 




fl’? 

\mit,y)\^dtdy, 


JH:=E|(ee-e,li6MC’^)r. 

Here we used Upe * /||l 2 < ||/||l 2 . Now we estimate each term separately. For / we have 


/ < 


< 



[fl-i 


^ :^Uelk-a,{k+m 

k=0 



[fi-i 




k=0 

[fl-1 , 


r{k+l)i) \ 2 

/ y) - y)]du ) dtdy 

fk^ J 

/ (fc+l)!? r{k-\-l)'d \ 2 

/ |/)|d-U(iM I dtdy 

Ik’d J 


'fci? 


<- 


^^2 


<-(92 


E 

fc =0 




f k'd 


\DuiJx'^{u,y)\dudu\ dtdy 



k'd 

2 , 


’k'd 


\Dum{u,y)\ dudy 


<1 A (2^”s) A (2""i9). 


Similarly, 


JJ + JJJ < 1 A (22'^s) A (22"i9). 
By the proof in [Hail4, Proposition 9.5] we also have 

IV <1 A A (22V), 
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which implies that 


E|((e.,^ - Olie[o,.], < 1 A (2^-5) A (2^^) + 1 A (22-s) A 


Thus it follows that for 0 < k < — | 


a, 




— irt—OL — K 


+ e 2 




S 2 2 . 


Then the required bound (3.4) follows from Kolomogorov criterion by choosing p large enough. 

Now we prove the second result: we choose scaling 5 = (1,1,1) and choose a wavelet basis 
on = 25""0(2"'(- — x)),(^(- — |/),n > 0,x G A^,?/ G A°,-^ G T} as in [Hail4, Section 

3.2] on R^ with A? = ^ Writing T* = T n {p}. We would like to 

estimate E|| [K— K■) — — K*^){s, •)|la +2 for f > s > 0 and use Kolmogorov 

continuity test. Here we only consider the case that s = 0 for simplicity. For general s, we 
could obtain the desired estimates similarly. We note that for every p > 1, we have the bound 

E||(K * - K * Oit, ■)-{K* - K * 0(0, •)lla+2 

E E 22 (“+ 2 )pn+pi-^>i((jF*o.,?-i^*o(^,-) 

V’S’j* ^>0 xeA?nT3 

pe4'* ^>0 xeA?nT3 


We have the following identity 


K *^eA't,y) 



K{t -u,y -yi) 


1 


»(A:+ 1 ),? 


^e{,ui,yi)duidyidu 





1 H[|]+i)’? 

K{t-u,y-yi)- / ^e{ui,yi)duidyidu, 


which implies that 


E|((K * 0,,^ - K * 0)(t, ■)-{K* 0,^ - K * O)(0, •),C’'(-))r 

<A + A + A + 


where 


H -1 


J' :=E|{5^ 


A:=0 



(/c+l)!? -| 






'M 


[K{t - n, • - pi) - K{t -ui,- - yi)]du 


^e{ui,yi)duidyi,iljAi-))\^^ 


J0=E|( K{t-u,--yi)du- I 0(^1,2/i)c?WiC^2/i,C’®(-))P, 





A =E|( 





lii’’ 




K{t -ui,-- yi)^e{ui,yi)duidyi,'ijjA{-))\^, 
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:=E| 


, -1 

E 

k=—oo 








‘ k^ 


[K{t - M, • - i/i) - K{t - Ml, • - yi) - K{-U, ■ - yi) 


+ • - yi)]du^e{ui,yi)duidyi,'ijj^’%-))\^. 

Now we bound each term separately: For we have 


k=0 


“(fc + l)!? 

[K{t-u,- -yi) - K{t-ui,- - yi)]du-lui(z(^M,{k+i)'&],'^IJx'%-))\‘^duidyi 
Ik'd V 


< 


E 

fc =0 


Ik'd 


(A:+l)i? ^{k+l)d -I 

( / |A:(t - M, • - 2 / 1 ) - K{t - Ml, • - yi)\du-, \ij^’\-)\fduidyi, 


I kd 


We introduce the notation: for (t,y) G a G 




|(|» +l!/l‘ 


H\t\+\y\^<c}- 


Here C is a constant. Now we use [Hail4, Theorem 10.18] to control \K(t — u,y — yi) — K(t — 
Ml, 2 / - 1 / 1 )I by -u,y-yi) + -Ui,y-yi)), which implies that 


Hl-i 


/ L^_' -1 p(k-\-l)'i} p{k-\-l)i} f*(k+l)'i} 

E4/ / / ^^{G^^^'\t-u,y-y^) + G^^^^\t-m,y-y^)) 

k=o 

-u,y-yi) + -Ui,y- yi))\'ipl'\y)il)'^'\y)\dudMuidydydyi. 


Here and in the following we use the hrst / to denote the integration with respect to dydydyi 
if there’s no confusion. Since \t — u\^\y — ^ 1^ ~ M| 5 +i + \y — 2 /i|^’'"'^ for 0 < /3 < 1 , 

the above term can be bounded by 




[^1-1 

E 

k=0 

1 


“(fc+l)i? p{k+l)d ■ 


ikd Jkd L|t-M|V ii/-i/ip+^+^ i2/-i/iP+^+^ 

1 1 




\t - u\^~^ \y - |/ip+'^+^ \y - |/iP+^+^ 
liN I I 



\t - u\^~^ \y - |/iP+'^+^ \y - |/iP+‘^+^ 


\i^x''iy)i^x'iy)\dudul[iy^l<c}dydydyi 

\'ipx’'i.y)^x’%y)\^{\yi\<c}dudydydyi 





-1-25-2^ 


dydy, 


for (3,6 > 0, 2(3 + 4:6 < —(2q; + 5), which is the required bound for J^. Here in the hrst inequality 
we used Young’s inequality and in the last inequality we used [Hail4, Lemma 10.14]. For J^, 
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by similar calculations and the fact that |i^(^)| ^ ||^||s ^ we have 

J" + J^< 



< 

rsj 



( / K{t - u, ■ - yi)du-,'ijj^’%-)fduidyi 
[ \{K{t - ui, ■ - yl),^p2’"{■))\‘^duldyl 

[ G^o\t -u,y- yi)G^Q\t -u,y- yi)dudu\\'ijj^’^{y)ij^’%y)\dydydyi 



-ui,y- yi)G^Q’{t -Ui,y- yi)^l:^’%y)'ilj^’^{y)\duidydydyi. 


.(3) 




Since |t — m| 2 \y — < |t — m| 2 + ||/ — for 0 < /9 < 1 — 5, the above term can be 

bounded by 


+ 


J[±]J[±]^ \t-u\'-^ |2/-2/lP+^+^ \t-u\'-4^ |^-2/i|2+-5+/3^9 
1 1 1 


dudu 


'[|]^ \t - \y - 2 /i| 2 +^+^ \y - yi\‘^+^+^ 


du 


\'>PT{y)'^T{y)\M\yi\<c}dyidydy 



<-d^\t\^ / / \'iPx’"Wx'(y)\\\y - y\\-B^ ^ ^^dydy, 


which is also the desired bound for . Here we also used [Hail4, Lemma 10.14] in the 

last inequality. Now we consider J^\ 


■r < 



1 n{k-\-l)'d 

^ / [K{t-u,--yi) - K{t-ui,--yi) - K{-u,--yi) 




-\-Kiy U\^' y^^du ^\u\(i[k'd,{k+i)'d)i'^x (’))l duidyi 

^1 ^ ^1 I \K{t-u,y-yi)-K{t-ui,y-yi) 


k=-m~ jk^ 


K{-u,y-yi) + K{-ui,y - yi)\du 


»(fc+l)i9 


\K{t -u,y-yi)- K{t -Ui,y- yi) 


Ik'd 


- Ki-u,y- yi) + K{-ui,y- yl)\du\ 1 p^’%y)^|J^’^{y)\duldyldydy. 

Now we could use [Hail4, Theorem 10.18] to control \K(t — u,y — yi) — K{t — ui,y — |/i)| by 
d' 2 {Gf""^\t-u,y-yi) + G^Q"^^\t-ui,y-yi)) and to control \K{t-u,y-yi)-K{-u,y-yi)\ by 
1 2 {G^Q^^\t — u^y — y\)+G^Q^^\—u^y — yi)) for 5, /? > 0, which combining with the interpolation 
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imply that 

k=-l^ 


1 




f k'd 


f k'd 


-u,y-y{) + -u^,y- y^) 


+ g(3+^+/3)(-w,|/ - y ,) + 

/■(fc+i))? 

(G»+‘+«(« - fi,g - j,i) + Gli=+'+''>(i - «„ y- y,) 


'k'd 


+ - 2 / 1 ) + - yi))du\ij''^’\y)ipl'\y)\duidyidydy, 

Since \t — u\^\y — ^ 1^ ~ M|i+i+f + ||/ — for /9 > 0, 0 < (5 < 1 , we have 

-u,y-y^)< - - 

\t — u\ 2 \y — |/;^|2+2<5+^ 

which combining with -< tt—tt-^ + 1 , m-j, implies that the above term can be 

bonnded by 

1 





-c 


■ + 


'^\^~^\y ~ |/i|2+25+/3 


\t — u\^~^\y — |/i| 2 + 25 +^ 

<y‘\t\^J j\rAym’{y)\h - vK'-^-^^dydy. 

Combining the above estimates we obtain that 

E\{{K * - K * 0(f, •) - (K * - K * 0(0, •), C’')r 

<E| {{K * 0,^ - K * 0)(t, ■)-{K* 0,,^ - K * O)(0, •), C’') r 

+E|((/c * 0 - * o(^, ■)-{K*^,-K* 0(0, •), ^r)r 


du 


< 


(,)')i(i' 




\rAy)i’r(m\y-v\\A*‘^"'’dydy 

\r/{yy€^{y)(wP{t, y) - VvP(o,y), wP>((, y) - wf>(o, y))\dydy 
<(£“ + #)|«l0 J\A‘(.yWAy)\\\y-y\\A*‘^"^dydy 

<^£2<5 _|_ ^(5^ |^|/32-3n+n(l+45+2^) 

where f3, 5 > 0,2f3 + 45 < —{2a + 5), 

y^l^\t,y,u,yi) =K * pe{t -u,y -yi) - K{t - u,y - yi), 
and we used [Hail4, Lemmas 10.17, 10.18] and the interpolation to deduce that 
I (Wf) {t, y) - Wf) ( 0 , 1 /), Wf ^ {t,y)- wf ^ (0, ^)) | 

< I l\t\^e^^{Gt'^^\t-m,y-y,) + G^^+^+^\-u„y-y,)) 

(^ 0 + 5 +/ 3 )(^ - Ml, ?/ - 1 / 1 ) + y - yi))duidyi. 
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Thus the above estimates yield that 


E\\{K * - K * Oit, ■)-{K* - K * 0 ( 0 , ■)\\ll2 

< EE 2 ^{a+^)np+\B\np+\s\n _|_ ^5'~^p^^f}p2-3np+np(AS+2/3) 

ipe^-k ri>0 


Then the results follow from Kolmogorov continuity test (in time) if we choose p sufficiently 
large. □ 

In [Hail4, Theorem 10.22] a random model Z has been obtained by taking the limit of 
the models associated with the convolution approximation. Dehne $ = TZS^{uq, Z). Then $ 
is a local solution to the dynamical model. In our case we also have the following main 
convergence result at the level of models: 

Theorem 3.7 Let Tf be the regularity structure associated to the dynamical model, and 
p{t,x) = pi(t)p 2 {x), let as above and let Z,.^^ be the associated model. If < C'o'd for Cq 
independent of e,??, then there exist choices of such that Z^^^ = Z^^ —)■ Z in 

probability. 

More precisely, for any 0 < — | — cc, any compact set fH, and any 7 < r one has the bound 


El 


I yM ^ I 

^ I 


\r^ 


< 




uniformly over £, ■d G (0,1] satisfying < C'o'd. 

The proof of Theorem 3.7 is the content of Section 4 below. 


Remark 3.8 (i) If p{t,x) = 6 {t)p 2 {x) the convergence result in Proposition 3.6 and Theorem 

3.7 still holds in this case. In fact, if \K{z)\ < ||z||^ for —4 < ^ < 0 it is sufficient to control 
\K * p 2 ,e — by A |t |2 for ^ + 5 > —3 and obtain similar calculations as in 

Section 4. Here P 2 ,e{y) = £~^P 2 (f)- 

(ii) It is possible to show that ~ and € 2 ’^^ ~ | log£|. 

Proof of Theorem 1.1 The proof of the theorem is essentially a collection of the results of this 
paper. As obtained in Proposition 3.5 IZS^iuo, Z^^) = Define <h = TIS^{uq, Z). By the 
continuity of the map 77 and Proposition 2.8 we obtain that there exists a sequence of random 
time tl converging to the explosion time r of $ such that 


sup — $ 11 ,, — 0 , as e,'d ^ 0 . 

t&[0,TL] 


4 Convergence of the renormalised model 

In this section we will prove Theorem 3.7. To prove the main convergence result Theorem 3.7 
we first prove some useful lemmas. We will use the following notations: 
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Define for (t 2 ,^ 2 ) ^ 


Ii?] ^ ^ 

KeA't,y,t 2 ,y 2 ) ■= Y] / K{t-u,y-yi)- 

U- „ -/fc!? J Jfcl? 


"(A:+l)i? 


P£(mi - ^2,1/1 - y2)duidyidu 


k=—oo 

.r 




— I/) ^ 2 , 1 / 2 ) + KsY^ y^ ^ 2 , I/ 2 ). 


K{t -u,y- yi) 


( 2 ), 


'•([ii+ 1 )’? 






P£(mi - ^ 2, yi - y 2 )duidyidu 


Then for r = X(S) = T we have 

(nM)^)(^) =k^^^A^) = I K,A^,zi)Azi)dzi. 

For ip smooth and x G we have that 

B|(/l*0,»’i>P = j j f‘'^\z,z)P(!=)P(z)dzdz. 

Here for = {t,y),z = {i, y) 

A^’^\z,z) := A + A + A + J\ 


with 


= J ^e^l{z,zi)K^]l{z,zi)dzi,A = J Ke‘!l{z,zi)K^‘^l{z,zi)dzi, 

= J ^e^ii^,Zi)K^^l{z, Zi)dzi,A = j K^^l{z,Zi)K^^l{z,Zi)dzi. 


(4.1) 


Recall that p{t,x) = pi{t)p 2 {x). By a similar argument as the proof in [Hail4, Lemma 
10.17] we hrst give an estimate for K * p 2 e, which is required for the estimate of Here 

P 2 ,s(l/)=^-V 2 (f). 


Lemma 4.1 If |iF| < || 2 ;||^ for C, G (—4,0), then K * p 2 ,£ has bounded spatial derivatives of 
all orders. Furthermore, one has the bound 


\K * p2,siz)\ < Ct 2 ll^; 


|C+<5 
Is ; 


for 0 < (5 < 1, C + (5 > —3. 

Proof We can write 

K * P2,£(L = J K{t,x- y)p2,e{y)dy- 

We use the notation 2 ; = (t,x) and |iF(f,x — y)\ can be bounded by C\t\i, and 

\K * P 2 ,e{ti^)\ < 


follows from the fact that p 2 ,£ integrates to 1. Without loss of generality we assume that p 2 is 
supported in the set {x : |x| < 1}. For |x| > 2e, we have \x — y\> ■^, which implies that 

\K * P 2 ,£(t, x)| < Ct~^ Ixl'’’*"'^. 
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For |x| < 2e we use the fact that |p 2 ,£| is bounded by a constant multiple of e 


-3 


J\y\<3£ 

Combining all the estimates the result follows. □ 

In the following we give useful estimates for which is used for the proof of Theorem 

3.7. 

Lemma 4.2 If < Co'd for some Cq independent of £, ■d, we obtain that for every 5 > 0 

(4.2) 


Proof In the following we use the notations z = (t,y),z = (t, y). Since < C'o'd, we have for 
Pi,e{t) '■= that when \k — kf < C{Cq) 






' ki'd 


Pl,e * Pl,e{Ui - U 2 )dUidu 2 ^ 0, 


which implies that 



\K{t - u,y - yi)\du 




\K{t - u,y - y 2 )\du 


' fell? 


-1 


-1 


E 


Li? 

E 

fc=-[f] ki=-[^],\ki-k\<C{Co) 
/>(fci+l)»9 

' |- 4 ^( 3 - 5 ) 




\t-u\ 2 G[,^ ^\t-u,y-yi)d 




u 


'fci9 


' fell? 


|t-M| ’{t - u,y - yi)dudyi, 


(4.3) 

for (5 > 0, where we used Lemma 4.1 in the last inequality. Now we estimate this term in the 
following three cases: 

If t — f > (2C(C'o) + 2 )'d, we have that |n — hi < (C(C'o) + I)'!?, which implies that 


t — u > t — u. 


(4.4) 


Furthermore, we also have that 

f—u = f—t + t — u + u — u> {C (Co) + I)'!? >u — u + u — t>u — t, 


which also implies that 


|f — h| > 


\t — t 
2 


(4.5) 
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By (4.4), (4.5) and {t - uY < |t - m| " 2 " + ||/- |/i|^ ^ we obtain that 


f41-i 




fc=-[fl 



(fc+i)i? 


k'd 


(t - uy-^/^y - 2 /i|'+^/2 i+||_ _ ^^|2_5 

1 1 


{t-uy-^/^\y-y,\^+^^ \y-y,\^-^ 


(4.6) 


—(5 ] ^^^\yi\<cdyi 


< 

rsj 


\t-t\ 2 2 A \y-y\ 


-1-5 


valids for every <5 > 0, where we used [Hail4, Lemma 10.14] in the last inequality. 
If t — t > (2C(Co) + 2)'d, we also obtain the same bounds. 

If |t - 1| < (2C(Co) + 2)'d, we have for every 5 > 0 


^ r{ki+l)D 


Jki'd (t — h) 2 + 2 


T-rdu < |t-t| 2 2, 


which implies that 

. [ii-i 

E 


^=-[7 


(fc+i)i? \ 

.M (t - uY-‘l^\y - y,\M/2 |f _ j|l+l|g _ j 



E E 


k=-l§]ki=-l%],\k^-k\<CiCo) 


=-[f]fci=-[f 

1 1 


'd Jk'& Jki'd {t — uy~^\y — 



1 5 


{ t-uY 4 \ y - y ^\^+2 
<\t-t\-k-i A \y-y\~^~^ 


dudul{\y^\<c}dy] 


(4.7) 


holds for every <5 > 0, where we used [Hail4, Lemma 10.14] and Young’s inequality to deduce 
that ^in the last inequality. Combining (4.6) and (4.7) we 

obtain that 

y<\\z-zV-\ 

valid for every <5 > 0. 

We now turn to .P and 7 ^ 0 if and only if |t — t| < (2C(Co) + 2)'d. Similar arguments as 
the estimate (4.7) imply that for every <5 > 0 



P,P can be estimated similarly. Thus (4.2) follows. 


(4.8) 


□ 
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Moreover we have the following estimate: 


Lemma 4.3 If < Cq'O for some Cq independent of we obtain that 


(4.9) 


holds uniformly over e^'d E (0,1] satisfying < Co'd, provided that 9 < 1 and that 5 > 0, 
where f{z — z) = K * K{z — z). 

Proof We have 

- Z)\ + \f‘\z -z)- f{z - J)| 

where f^^\z — z) = * Ks{z — z), = K * p^. For (t, y), (^2,2/2) G denote 


Ke{t -t 2 ,y- 2 / 2 ) = 





K{t-u,y- 2/i)Pe(M - t 2 ,yi - y 2 )dudyi 



K{t -u,y- yi)pe{,u - ^2,2/1 - y 2 )dudyi 




(i, y, ^2,2/2) + ^ (t, y, t2, 2/2). 


Here \ z) — f^^\z — z)\ can be separated as with 




= J \d<e'^li^, Zi)K^^liz, Zi) - K^iz, Zi)K^^\z, Zi)\dzi, 


Each term can be estimated as in the proof of Lemma 4.2. We take as an example: 



- K{t - Ml, 2 / - yi))K{t - M, 2/ - 2 / 2 ) + K{t -Ui,y- yi){K{t - m,2/ - 2 / 2 ) 

- K{t - U2,y - y2))]dudup^ * pe{ui - M 2 , 2/1 - y2)duidu2dyidy2 . 


By [Hail4, Lemma 10.18] we could control |iF(t — m, 2/ —2/1) ——mi, 2/ — 2 /i)l by ' 9 ^— 
u,y — 2/1) + (t — Ml, 2/ — 2/1)) provided that 9 > 0. Furthermore by Lemma 4.1 and [Hail4, 
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Lemma 10.14] we obtain 


3-1 




3-1 


E 


Cl j.,__rCi |fcj_fc|<c(c'o) 
(fci+l)»l 




\t — u\ — u,y — yi)du 


^ — [ T? ] — L 


'M 


f ki'd 

f 



\t-u\ ^\t-u,y-yi)dudyi 

GQ\t - ui,y - yi)G^Q""'^^\i - ui,y - yi)duidyi. 


^\\-i- 2 e -8 

5 


Then by similar arguments as the proof of Lemma 4.2 we obtain that < 'd^\\z — z 
Other terms can be estimated similarly, which implies that 

- /(^)(^ - z)| < 

holds uniformly over e,'d ^ (0)1] satisfying e‘^ < Go'd, provided that 6 < 1 and that <5 > 0. 
Since K and K^. are of order —3, by [Hail4, Lemma 10.17] we obtain that 

l/W(^ _ s) _ /(^ _ ^)| < 

Combining the above estimates we obtain 

\f‘-"\z,z)-f(z-z)\ 

<\f‘’‘'\z,z) - f‘>{z - Z)\ + \fM(z -Z)- f{z - Z)\ 

holds uniformly over e:,'d G (0,1] satisfying < Go'd, provided that 9 < 1 and that 5 > 0. □ 

In the following we use the same notations as in Lemma 4.3 and have 

Zi) - K,(z - z,) = (A'W - A<‘')(z, Zi) + (Afi - hfl)(z, z,). 

In the proof of Theorem 3.7 we have to estimate ((iCe,,? — K){z, •), — K){z, •)). By the 

proof in [Hail4, Theorem 10.11] it is sufficient to estimate — Ke^'^){z, •), —Ke'^){z^ ■)) 

and ((iCg — K){z — •), [K^ — K){z — ■)) separately. 

Lemma 4.4 If < C'o'd for some Cq independent of e, 'd, we obtain that for i = 1, 2 

|{(A-S-Af))(z,.),(A-«-A-f)(2,.))| 


<r\\z 


\-l-29-5 


(4.10) 


holds uniformly over e,'d ^ (0,1] satisfying < God, provided that 9 < 1 and that 5 > 0. 
Proof We have for 2 ; = (t,y),z = {t, y) 

K(A« - Kf)0-, ■). (Gi - I4‘’)(s. •))! 

-(/c+l)!? p{k\+l)'d i'{k+l)'d f'{k\+l)'& 

/ / / {K{t-u,y-yi) - K{t-ui,y-yi)) 


E E 

k=—oo ki=—oo 



k'd 


' k\'d 


' k'd 


' ki'd 


{K(t - u,y - y 2 ) - K{t - U 2 ,y - y 2 ))dudu—pe * pe{ui -U 2 ,yi - y 2 )duidu 2 dyidy 2 
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By [Hail4, Lemma 10.18] we could control \K{t — u,y — yi) — K{t — ui,y — yi)\ by — 

u,y — yi) + — ui,y — yi))- Then by similar arguments as the proof of Lemmas 4.2, 4.3 

we obtain that 

K(/cW - Kf>){z ,.), (/<■« - /(•>*>)(?, .))| <-»‘\\z- z\\:'-^‘-K 
For i = 2 we could also estimate similarly as the calculation in (4.8) and the result follows. □ 
Lemma 4.5 If < C'o'd for some Go independent of e, ■d, we have that for every 5 > 0 

- f^^'^\z,Z2) \ < 11^1 -Z2||f(|k-^l|L”^“^‘^+ (4.11) 

Proof Without loss of generality for zi = {fi,yi),Z 2 = (^ 2 , 1 / 2 ) we assume that fi < ^ 2 - By a 
similar argument as the proof of Lemma 4.2 we have 

6 


2=1 


where 


k=—oo ki=—oo,\ki—k\<C{Co) 


K{t 2 - M, 1/2 - y 2 ))du^ 


if = with 



{fc+l)i9 


K{t-u,y- yi)du 


“(fci+l)i9 


{K{ti -u,yi- 1/2) 




' ki'^ 




Pe * Peiui - M2, Pi “ y2)duidu2dyidy2 




' ki'd 


= 



E 

k=—cio 

r{k+l)^} r([|]+l)i? 


rt2 


K{t-u,y-yi)du I K{t2 - u,y2 - y2)du 


p2 


j22^ 


Ik'd 

1-1 




pe * Pe{ui - U2, Pi - y2)duidu2dyidy2 


E 

k=—oo 



(fc + l)29 


K{t-u,y- yi)du 


"([l-l+iK 


K{t2 -u,y2 -y2)du 


k'd 


'll 


1 


"(fc+lK /-([(ll+l)^ 




rl 2 i_ 


J23 = 


E E 


Pe * Peiui - M2, Pi “ y2)duidu2dyidy2 


ki = [^-]+l,\ki-k\<C(Co) 





K{t-u,y- yi)du 


K{t2 - h, 1/2 - y2)du 


k'd 


' kid 


1 

¥ 


'*{k-\-l)d p{ki-\-l)d 


Pe * P£(mi - M2, yi - y2)duidu2dyidy2 


’k'd 


' kid 
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if [|] = [|], 


J2 = 



[^1-1 

E 

k=—oo 


(fc + l)l? nt 2 

K{t-u,y-yi)du / (ts - 2/2 - y2)du 

k'd J ti 




r = 


Jm 

[ii-i 

E 

k=—oo 
^ |■{k+l)& ri[^]+l)’& 


Pe * Peiui - U 2 , Pi - y 2 )duidu 2 dyidy 2 



(fc+1)'!? ntl 

K{t - u,y - yi)du / {K{ti - u,yi - y2) - K{t2 - u,y2 - y2))du 


^2 


' k'& 




Pe * Peiui - U2, |/i - y2)duidu2dyidy2 


if = with 



K{t -u,y -yi)du 


'■([^1+1)^ 


K{t2 - M, 1/2 - y2)du 




til 



rtii 




E 

fci=[^]+i 



Pe * Peiui - U2, 2/i - y2)duidu2dyidy2 
rh 




Pe * Peiui - U2, 2/i - y2)duidu2dyidy2 


t j^{kl+l)'^ 

K{t - u,y - yi)du K{t2 - u,y2 - y2)du 


"([il+i)’? /-(fci+iK 


P2 




Pe * Peiui - U2, yi - y2)duidu2dyidy2 


' ki'd 


if [|] 


= 



rt2 


Pe * Peiui - M2, Pi - y2)duidu2dyidy2 















K{t - u,y - yi)du / {K{ti - u,yi - y2) - K{t2 - u,y2 - y2))du 




Pe * Pe(ui - U2, Pi - y2)duidu2dyidy2 



[^1-1 
ki=—oo 

I H[|]+i)’? r{ki+i)^ 
'¥ 


K{t -u,y- yi)du 


"(fci+l)i9 


{K(ti -u,yi- 1/2) - K{t2- u,y2 - y2))du 


in’? 


' ki'd 




Pe * Pe{ui - U2, Pi - y 2 )duidu 2 dyidy 2 


’ fell? 


By the computation as in the proof of Lemma 4.2 we have 

f 4 l-i 


< 




E E 


fc=-[§] ki=-l%],\ki-k\<C(Co) 



(fe+l)1? 


K{t-u,y - yi)du 


“(/Cl+l)!? 


{K{ti -u,yi- 1/2) 


k'& 


' ki'd 


- K{t2- U,y2 - y2))du-p2,e * p2,e{yi “ y2)dyidy2 
We now use Lemma 4.1 and [Hail 4 , Lemma 10 . 18 ] and obtain that for <5 > 0 

rill 




[11-1 


^ l>{k+l)'d 




' k'd 


t-u\ ^\t-u,y-yi)d 


u 


E E 

fc=-[f]fci=-[f],|fci-fc|<C(Co)' 

11^1 -M\i / (1^1 - -u,yi -yi) + |t2 - Mr‘^Go^"^^(t2 -m,I/2 - yi))dudyi 


ki'^ 

S(\\^ ^ 11-1-25 

5 


- Z2\\1{\\Z - Zi 




+ \\Z — Z2\^^ ,1 

where in the last inequality we used similar arguments as in the proof of Lemma 4.2 for 
there. 

We now turn to and we only consider and other terms in can be estimated 
similarly. Applying Lemma 4.1 we have that for <5 > 0 



(A:+l)i? 


[|]-1 ill-l 

E E 

k=-[%] fci = [^]+l,|fci-fc|<C(Co) 

/ 1^2 - -U,y2- yi)du-dyi, 


t-u\ ^\t -u,y -yi)d 


u 


k'd 


' kid 




First by (^2 — ‘^||/2 — 2 /iP’'’'^ < (^2 — + I2/2 — 2 /i|^ and |t2 — ^il > |^2— ^1 we obtain 


[^1-1 


E 


[11-1 

E 


fc=-[f ] fci = [^]+i,|fci_fc|<c(Co) 



kd 


’ kid 


|t —m|2 ^y — yi\‘^^^ 


du 




{h-u)^ 4||/2 - |/i|2+'5 'd 
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Moreover, by Young’s inequality we have - - 


that 


(t2-u)i~t \t-u\h-^ I* “I 


< ^ ^ j; , which implies 




— (2C'(C'o) + 2)'i9, by similar arguments as in the proof of Lemma 4.2 we have that 

t — u > which implies that for 5 > 0 


[ll-i 


E 



(A:i+l)f9 




(t - - yi\^-^^ (^2 - h)i-'5/2|^2 - 


dul\y^\<cdyi 




Iff2 — t > ( 2 C(C'o)+ 2 )'i 9 we also obtain ^2 — ^ > which combining with 1^2“ ^i| > Ih — u] 
implies that 


E 


k=—oo ' 


/•(fe+l)1? 

Ih - Hi 2 

1 

7 

1 

+ 

^2 - t)^^^\y 2 - yi\ 


:dul\y^\<cdyi 


<|t - t2\ 2 ^\t2 - t 


If 1^2 — t\< (2C(Co) + 2)'d, we have 

qfc+i)i? 


1 


'M 


(t-u) 




which implies that 


[11-1 


E 

fci=[l]+i 



(fei+i)i? 


fell? 


1^ - t2\^^^\y - yi\^~‘^^ (^2 - uy Y2||/2 - |/i|i+'5 


dul\yi\<cdyi 


<1 


1^ - ^ 2 ! 2 ^1^2 - tl|2. 


Hence we obtain that 

T23 <11? _ ? II<5|U _ ? 11-1-25 

^ ^11 "^1 ^2 11 3 11 ^2 11 3 

can be estimated similarly as and J® can be estimated similarly as . Thus the 

result follows. □ 

Now we are ready to prove Theorem 3.7. By Lemmas 4.2-4.5 we could obtain the results by 
a similar argument as the proof of [Hail4, Theorem 10.22]. Here for the completeness of the 
paper we give all details of the proof. 

Proof of Theorem 3.1. By [Hail4, Theorem 10.7] we only need to show that the renormalised 
model converges for those elements r G Tp with non-positive homogeneity. In the case of the 
dynamical <l>| model, these elements are given by 

7^ = {5, T, 
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By [Hail4, Theorem 10.7] it is sufficient to prove that for r G J^f with |r|s < 0, any test 
function (p E Br and every x G and for some O<0<—| — a, 


E|(fl.r - (4.12) 

where flxT is obtained from the proof of [Hail4, Theorem 10.22]. Since the map ip i-G- V) (<yc) 
is linear, we can find some functions with G L^(R x where y 

and such that 

(nrV)(v>)= 5^ ijf ,pmWp<>*iT)(y)dy 

A:<||r|| ^ 

where ||r|| denotes the number of occurrences of S in the expression r and Ik is dehned as in 
[Hail4, Section 10.1]. We also have the following notation as in [Hail4, Section 10]: 


fc<|| 


(ri^r)((/?) = 4( / p^{y){Wi’'^T){y)dy 


where hVi'^V G L\RxT^)^^ Now we want to estimate the terms |((>vi^’’^’^V)(^), | 

and |(((5>Vi"’’^’^V)(4, (5>vi"’’^’''V)(^))|, where - >vi^V. 

We have 

(fli^’’')vl>)(4 =77*4,44 := j KeA^,Zi)az,)dz^, 

which implies that 

{WA^-’^A){z,z,) = K,A^,z^). 


In the following we use ^ to represent a factor K{z — zi) and .to represent 

77.,4^, Zi). We also use the convention that if a vertex is drawn in grey, then the corresponding 
variable is integrated out. Now we have 




By Lemma 4.2 we obtain that 





(4.13) 


holds uniformly over e,'d. Now for najd/ = 77 * ^ as in [Hail4, Theorem 10.22] we also have 

(5yi;M;i)vi;)(^,^^) =77,,4z,zi) - K{z - z,) 

= A - KA{z, Zi)) + (77^(2;, Zi) - K^iz, ^i)) 

+ {K^{z - zi) - K{z - zi)) 

;=(^ypM;ii)$)(^,^^) + {SWA'''’'^)^){z,Zi) + Zi). 

By Lemma 4.4 and [Hail4, Lemmas 10.14, 10.17] we have for i = 1,2 

(4.14) 
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and 

|((iH)M;i3)4,)(^)_ (iVV<*'*‘“><I')(2))| < e®||3 - (4.15) 

holds uniformly over e, -d G (0,1] satisfying < C'o'd, provided that 0 < 6* < 1 and that 
0 < (5 < 1, which deduces (4.12) for r = 4^ easily. In the following we use | to 

represent ((5VVi^’’^’^*^\l/)(z)) |. By (4.14) and (4.15) we have 







for simplicity. 

For r = 4^^ we could choose for .2 = (t, y) 

= j K,^4z,z,fdz,. 

Here since p = pip 2 we can easily deduce that Ci only depends on t. We obtain that 


(yi;F.F2)^2)^^^ = . 

By Lemma 4.2 we have that for every 5 > 0 

holds uniformly over e,'d satisfying < Cod. As in the proof of [Hail4, Theorem 10.22] 
= K"^. By (4.14), (4.15) and Lemma 4.2 we have 

I {T^) {z), T^) (z)) I 


<l'- (^^ + ^ )\ < - z 


1 - 2 - 29-6 
Is ’ 


holds uniformly over e,d ^ (0,1] satisfying < Cod, provided that 9 < 1 and that <5 > 0, 
which implies that (4.12) holds for r = 4/^. 

For r = we have 

and 

•. ? • 

By Lemma 4.2 we have for every h > 0 
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holds uniformly over satisfying < Cod. By (4.14), (4.15) and Lemma 4.2 we have 




<1 

rs-/ 1 





(4.16) 


holds uniformly over e,d E (0,1] satisfying < Cod, provided that 0 < 6* < 1 and that 
0 < (5 < 1, which implies that (4.12) holds for r = 4/^. 

Regarding r = the corresponding bound follows from those for r = 4/^. 

As in [Hail4, Theorem 10.22] we also use the notation •-H—• to represent ||^ —^||"l||2-f||,i<c 
for a constant C. 

Now for r = X(4/^)4/ we have 


For the term in the fourth Wiener chaos we have 


>■ 


"’f' ? 

i it'i z 


(wr’-v))^) = t' - 1. 

We have the following estimates: 

|((VVfeo.Dr)(z),(WtA‘‘)T)(J))| 

~/ j Zl) - K{x - zi)\\\zi- 

\K{z — zi) — K{x — zi)\dzidzi, 

where we used Lemma 4.2 to obtain the estimate. We now use [Hail4, Lemma 10.18] to control 


\K{z — zi) — K{x — zi)\ by — x 
obtain that 

K(VVl‘"V)(z),(Wl'"lr)(J)) 


i-J 

5 


<\\z - z\\^ ^ ^ 


- + lla; - ) with 0 < 5 < | and 


(4.17) 


I *^112: —xlll ^{C{z — x) + C{z — x) + C{z — z) + C{C)), 


holds uniformly over e, d satisfying < Cod. Here the function G is a bounded function and 
is given by 



-3.5 + 5 


-3 - (5 


— 3.5 + & 









C{z — z) = 

Choose VVx^V as with each instance of replaced by K, which is the same as in 
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the proof of [Hail4, Theorem 10.22], By (4.14), (4.15) we obtain 


jZl ,21 21 ,2i 


< 

r\j 



h I (^z — Zi) — K (x — 2^i) 11 11 T 


, , Zl ,21 


|ii'(z — Zi) — ii'(x — Zi)| + I'*•2 ||ii'(^ — 0i) — ii'(a: — Zi)|| I 2 , izi L, 


\K{z - zi) - K{x - zi)\ 


dzidzi 


<(^^ + 



z - zllg ^ ^\K{z - Zi) - K{x - Zi)\\\zi - Zi 


1-3-20-6 

Is 


\K{z — Zi) — K(x — Zi)| + ||z — z\ 


\K{z - zi) - K{x - zi)\ 


\-l-29-5 


\K{z - zi) - K{x - zi)\\\zi - zi 


1 - 3-5 

Is 


dzidzi, 

where we used Lemmas 4.2, 4.3 to obtain the estimate. We now apply [Hail4, Lemma 10.18] to 
control \K{z — Zi) — K{x — zi)\ by ||^ — x\\i ^ + \\x — 2:1 for 0 < 5 < | 

and use similar arguments as (4.17) to deduce that 

I((wfe'’-»T)( 2 ), Zi-D"+ 2"")lll2 - 2|i;‘-l2 - x\\r’-‘\\z - x\\r“-‘ 

+ P - - ai|l.’^'’l|2 - X||IT, 

holds uniformly over e, ■d G (0,1] satisfying < Cold, provided that 0 < 6^ < 1 and that 
1 > (5 > 0. For the term in the second Wiener chaos, we also have the following identity: 




For W; 


(Wy''«r)(2)=3( If - ):=3((W('"‘>r)(2)-(Wfe"’=^lr)(2)). 

(£, 1 ^: 21 )^ we have that for every 5 > 0 

K(>V^"’^^V)(z),(W^’^’^^)r)(7))| 


< 



\z-zi\\^'^ ^\K{z - zi)\\\zi- zi\\^'^ '^|iF(z - ^i)|||^ - 2 ;i||g ^ ^dzidzi 


r^\\^ ^lls ’ 


<1 


where we used Lemma 4.2 in the first inequality and [Hail4, Lemma 10.14] in the last inequality. 
Choose as with each instance of replaced by K, which is the same as in 

the proof of [Hail4, Theorem 10.22]. By Lemmas 4.2, 4.3 and (4.14), (4.15) we have 

|((5W^’^’^^V)(^),(<5>V^’^’^^)r)(7))| 


< 





z - zillj ^ ^\K{z - zi)\\\zi - zi 


1 - 2 - 20-6 


\K{z - ^i)|||^ - zi 


1 - 1-5 

Is 


+ \\z-zi\\^ \K{z - zi)\\\zi-zi\\^ \K{z - zi)\\\z - zi^^^ 


- 1 - 0-6 


dzidzi 


<(tf» + e“)||2-2 


^\\-20-36 
s ’ 


34 









holds uniformly over e, i? G (0,1] satisfying < Cq'O, provided that 0 < 6^ < 1 and that 
0 < 5 < 1, and we used [Hail4, Lemma 10.14] in the last inequality. For by Lemma 

4.2 we have 

<1 // 



<|| 2 : — xIIj — x) + G^{z — x) + G^{z — z) + G^(0)), 

holds uniformly over e^'d E (0,1] satisfying < Co'd, provided that 0 < 6^ < 1 and that 
0 < 5 < 1, where we used [Hail4, (10.37)] in the last inequality and the function G^ is a 
bounded function and given by 


35-4 -•-2-i 


-i-5 


G^{z — z) = 

Dehne as with each instance of replaced by K. For the difference by 

Lemmas 4.2, 4.3 and (4.14), (4.15) we have 




< 





^\K{x - zi)\\\zi-zi 


\-2-26-6 


\K{x — ^i)|||^ — zi 


1-1-5 

Is 


+ ||z- 2 ;i|| 3 ^ ® '^|iF(a; - 2 ;i)||| 2 ;i - zi||/ ^\K{x - zi)\\\z - zi 


|-i-e-5 

Is 


dzidzi 


<(d‘+ e'^‘)\\z - X 


\-26-A5 
Is ’ 


holds uniformly over e,'d E (0,1] satisfying < Go-d, provided that 0 < 6* < 1 and that 
0 < 5 < 1, where we used similar arguments as above in the last inequality. Combining all the 
estimates above we obtain that (4.12) holds for r = X(\[^^)4/. 

Now we come to the case r = X(\[^^)4/^. We have for 2 ; = (t, y) 


For the term in the fourth Wiener chaos, we have 


iWt^’^^T){z) = W - l\4 . 

By Lemma 4.2 we have 

~ /./®^ - zi) - ir(i - zi)|||zi - zi 

\K{z — zi) — K{x — zi)\dzidzi. 
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We now apply [Hail4, Lemma 10.18] to control \K{z—zi)—K{x—zi)\ by ||. 2 —^ — zi||j 

+ ||a: — for 0 < 5 < 1 and obtain that the above term can be bounded by 


\z — z 


I-2-51 


z — X 


11-51 


2 — x||] '^(G^(z — x) + G‘^{z — x) + G‘^{z — z) + G^(0)), 


holds uniformly over e, ■d satisfying < G^d. Here the function G^ is a bounded function and 
is given by 


5-4 


- 2-5 


-4 + 5 


G^{z -z) = 

Choose as with each instance of replaced by K, which is the same as in 

the proof of [Hail4, Theorem 10.22], Similarly by Lemmas 4.2, 4.3 and (4.14), (4.15) we have 
that 

K(dW^"’^V)(z),(dW^"’^)r)(z))| 


<(d^ + e^^) 





\K{z - zi) - K{x - zi)\\\zi - zi 


- 11-2-20-5 
s 


\K{z — zi) — K{x — zi)! + ll^; — z\ 


1-2-20-5 


\K{z - zi) - K{x - zi)\\\zi - zi 


~ 11-2-5 
0 


\K{z - zi) - K{x - zi)\ 


dzidzi 


<(d^ + e^^)[||^-z||;2-^||^- 


x\ 


z — x\ 


+ \\z — z 


\z - x\\^ ||2r-x||g J, 


holds uniformly over e,'d ^ (0,1] satisfying < Go'd, provided that 6 < 1 and that d > 0. For 
the term in the second Wiener chaos, we have the following identity 


(W<'")r)(z)=4( 
Then by Lemma 4.2 we obtain that 

|{(VV^«V)(j),(Wy«)r)(?))| 


vV? Y"r / 

= A( - ix Vz 



< I I IU- 2 ;||/ ^\\z-zi\\^^ ^\K{z - zi) - K{x - zi)\\\zi - zi 


1-1-5 

I 0 


\K{z - zi) - K{x - zi)\\\z - zi 


11-1-5 


dzidzi 




\z — x||| (G^(^, z) + G^{z, x) + G^(x, z) + G^{x, x)), 


holds uniformly over e, 'd satisfying < Go'd. Here the function G^ is a bounded function and 
is given by 


G^{a,b) = 


-I -1 - (i |/ 
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and we used Young’s inequality to obtain is bounded. Choose as with each 

instance of replaced by K, which is the same as in the proof of [Hail4, Theorem 10.22]. 
Similarly by Lemmas 4.2, 4.3 and (4.14), (4.15) we have 


|{(Wl'’«>r)(5),(^>V^")r)(S))| 


< 




29 \ 




iT-2<5-0|. 
X\\s \\Z 


x\\i + 


|-l-26»-<5| 


X\\s \\Z 


X 




which is valid uniformly over e, -d G (0,1] satisfying < Co'd, provided that 6 < 1 and that 

5 > 0 . 

Still considering r = X(\I/^)4/^. We now turn to the component in the 0th Wiener chaos. 
For = (t,y), choose 




We have 

which combining with Lemma 4.2 impies that 

l(nt''”T)l»)(z)| < f\\z- 2 ,||,-“|A-(:r - z,)\dz, < lU- - x\\:\ 


for every 5 > 0. Choose as above with each instance of replaced by K, which is the 

same as in the proof of [Hail4, Theorem 10.22]. Moreover, by Lemma 4.2 and Lemma 4.3 we 
have 

l(n^"M^°n^)-(n.r)W(^)| 

<{e^'+ ^')\\z - 

which is valid uniformly over e, ■d G (0,1] satisfying < Co'd, provided that d < 1 and that 
5 > 0 . 

For r = X(\l/^)4/^, we have the following identity 

For the term in the hfth Wiener chaos, we have 


{Wi^’^’^^T){z) = W - L\4 . 
l((>v^’^’^M(^),(>v^’^’^V)(^))l 

<//\\z - z\\7^~^\K{z - Zi) - K{x - Zi)\\\zi-ziW;^-^ 

\K{z — Zi) — K{x — zi)\dzidzi 

<\\z — “ ^lls ~ A\b ^{G^{z — x) + G^{z — x) + ^‘(O) + G^{z — z)), 
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where we used Lemma 4.2 in the hrst inequality and [Hail4, Lemma 10.18] in the second 
inequality. Here the function is a bounded function and is given by 


5-3.5 —-3-5 —-3.5 + 5 


G^{z -z) = 

Choose as with each instance of replaced by K, which is the same as in 

the proof of [Hail4, Theorem 10.22]. For the difference by Lemmas 4.2, 4.3 (4.14), (4.15) we 
have similar estimates: 

K(W<'"V)(j),(W+o+r)(J))| 


< 





\z — z\ 


1-2-5 


\K{z - zi) - K{x - zi)\\\zi - zi 


- 11-3-20-5 

3 


\K{z — zi) — K{x — zi)\-\- ll^; — 2 ; 


-11-2-20-5 


\K{z - zi) - K{x - zi)\\\zi - zi 


1-3-5 

Is 


\K{z - zi) - K{x - zi)\ 


dzidzi 




11 ^ 
+ 3 


-0-5, 


G 0-5 


\Z — X\ 


|U _ r II “2-20-5II „_™||2 ‘^||~_^||2 


-5, 


which is valid uniformly over e, -d G (0,1] satisfying < Co'd, provided that 6 < 1 and that 
5 > 0 . 

The component in the third Wiener chaos is very similar to what was obtained previously. 
Indeed, we have 


(y(Fe,0,3)^)(^) ^6(W - L'vf ) ;=6((yi4^’’'’='^M('2) - 

Then we obtain that for every 5 > 0 

K(VVif’«‘V)(j),(W<'"')r)(?))| 

< ll~ ~l|-l-5||... .. I|-l-5| „MII„ ;; l|-2-5| r^,'- ;; 11-1-5 



\z — z 


11-1-45 


|;2-;2i|]/ ^\K{z - zi)\\\zi - Zi\\/ ‘^|iF(^ - Zi)]||^ - ^i| 


dzidzi 


<1 


where we used Lemma 4.2 in the first inequality and [Hail4, Lemma 10.14] in the last inequality. 
Choose as with each instance of replaced by K, which is the same as in 

the proof of [Hail4, Theorem 10.22]. Similarly by Lemmas 4.2, 4.3 and (4.14), (4.15) we have 

|((W+«‘V)(z),(W<'"'>r)(?))| 





z — Z 


1-1-5 


2 ; - 2;i|]j, ^ ^\K{z - zi)\\\zi - zi 


- 11-2-20-5 


\K{z - Zi)\\\z - Zx 


|-l-5 

Is 


+ Ik-^ill3^ ^ '^l^(^-^i)llki-^ilL^ ‘^l^(^-^i)llk-^ill3^ ^ 


+ H ~ ^ 


|-l-20-5| 


Z-Zill/ ‘^|iF(z - 2:1)111^1 - Zill^ ^ ^\K{z - Zi)\\\z - Zi 


-2-5| 


1-1-5 


dzidzi 


<(tf'’ + e='')|k-5 


-11-1-20-45 
3 1 
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which is valid uniformly over e, r? G (0,1] satisfying < C'o'd, provided that 6 < 1 and that 
5 > 0. Similarly we have 




< 

r\j 



\z — z\ 


1 - 1-51 


^ ~ ^l\\s 


\K{x - zi)\\\zi - 2 ;i||, ^ ^\K{x - zi)\\\z - Zi 


~ 11 - 1-5 


dzidzi 




<1 


1 - 1 - 5 / 


+ Ik 


1-35 


), 


where we used Young’s inequality in the third inequality and [Hail4, Lemma 10.14] in the last 
inequality. By Lemmas 4.2, 4.3 (4.14, 4.15) and similar arguments as above we have 


z — z 


\:^-\\\z - + 11^ - + 11^ - f 


1-35 
lls 


z-xll^- + 


which is valid uniformly over e,'d ^ (0,1] satisfying < Co'd, provided that 0 < 6* < 1 and 
that (5 > 0. 

We turn to the first Wiener chaos: 


1 ^ 

(Vi'y''’‘>T)(z) =[(6 Y j-et" ] 

:=6l(Wy’’“>r)(z) - (Wl'’'’-‘^)r)(z)|. 

By Lemma 4.2 and Lemma 4.5 we have that for every 5 > 0 

|{(W(''0'“'r)(z),(Wl*''’'“V)(z))| 

< / / zi)"A'(z - zi)[/''>'’>(zi, fi) - /‘'•"'(z, zi) - /('•"'(zi, z) + /<'>o>(z, z)] 

f^^’'^\z, ziyK{z — zi)\dzidzi 


< 



z - zi||;^+kk - ^ilL"^+klki - ^il 

^{\\^i\U<c}^{\\zi\U<c}dzidzi 


- 1-85 

s 


, 11 ^ ^ 11 - 1-85 

+ IB “ ^1 Is 


+ 11^1 — Z 


+ Ik - 


I 11-1-85 

~ ll^ ^ lls 5 


<1 


where we used the interpolation in the second inequality and [Hail4, Lemma 10.14] in the last 
inequality. Choose Wi^^^T{z, Zi) = f (L(z — Z 2 ){K{z 2 — Zi) — K{z 2 — z))dz 2 as in the proof of 
[Hail4, Theorem 10.22], where L = [K * K^K. 

Moreover, by similar arguments as the proof of Lemma 4.5 we have 


- K,){z, •), (a;,^ - a;)(^i, •) - (a:,,^ - k,){z 2 , •))! 
<191^1 - f^iifdki - + lk2 - ^iis-'-^^-^^), 
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and 


\{{K, - K)iz, •), {K, - K){z,, •) - (/4 - K){z 2 , •))! 

+ p-2 - ^11;^-^^-^^), 

which combining with Lemma 4.3 imply that 


<(£"" + !»") 



I y ~ II I 


z- ^ilL- 2^1 IL ^ + \\z -zii 


+ Iki - + Ik - ^11; ] + Ik - 


[lki - ^1 


\5 

1-1-85 

Is 


+ Ik “ 


Is 

1-1-85 

Is 


I—5+5—011— — 11—5+5—0 

Is lp“^llls 


+ Iki - ^ 


|;^-«^ + Ik - 


dzidzi 


< 


|-l-8(5-2e 


^+^ + ^klk-4s 


-l-8(5-2e 

s 


which is valid uniformly over £+ G (0,1] satisfying < Co'd, provided that 0 < 0 < 5 < 1. 
Here we used [Hail4, Lemma 10.14] in the last inequality. We also use Lemma 4.2 to obtain 
that 

l((>v^’’’^^V)k),(>v^"’^^V)k))| 

<|k - x\\;'^~‘^^\\z - a:||;^”^'^(Gk^ “ ^) + “ + + G^{z - x) + GkO)), 

holds uniformly over e^'d E (0,1] satisfying < Cold, provided that 9 < 1 and that 5 > 0. Here 
the function is a bounded function and is given by 


5 - 4.5 


-1-5 — 9 — -4.5 + 5 


G^{z -z) = 

Similarly by Lemmas 4.2, 4.3 and (4.14), (4.15), we have 

^ ^ -l-4<5 n -1- 

<(e^^ + 19^)112; - a;||s ^ |k-ai||s " 




holds uniformly over e,'9 satisfying < Co'd, provided that 6 < 1 and that <5 > 0. Hence we 
conclude that (4.12) holds for all r G J^~, which implies the results. 
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